We present the application of projection operator methods to solving the problem of the propagation and interaction of short optical pulses of different polarizations and directions in a nonlinear dispersive medium. We restrict ourselves by the caseof one-dimensional theory, taking into account material dispersion and Kerr nonlinearity. The construction of operators is delivered in two variants: for the Cauchy problem and for the given boundary regime at the initial point of the propagation half-space x > 0. As a result, we derive a system of four first-order differential equations that describe the interaction of four specified modes. In the construction of projection operators, we use an expansion with respect to a small parameter that characterizes the material dispersion, amplitude, and pulse profile. The results are compared with the vector short pulse equations (VSPE) as well as ours previous, the one for opposite propagated pulses.
Introduction
To describe the unidirectional propagation of light pulses in a medium with cubic nonlinearity, we use Nonlinear Schrödinger equation (NLSE) derived by Zakharov. 1) Our interest is in ultrashort pulses whose length is shorter than a few cycles of the center frequency. Such pulses have been investigated by others. [2] [3] [4] [5] In the derivation of equations describing the propagation of ultrashort pulses, there are two basic approximations for electromagnetic fields, which have been described in a review by Caputo and Maimistov, 6) namely, the slowly varying envelope approximation and the unidirectional wave approximation. For ultrashort pulses, that length do not exceed a few picoseconds, the first approximation leads to inaccurate results. Therefore, the validity of the application of the NLSE to describe the propagation of ultrashort pulses of light is questioned by different groups. [7] [8] [9] The approaches used to solve the problem use the slowly evolving wave approximation (SEWA) 9) or Bloch equations. 10) Another approach is to introduce new variables of the form
as done by Fleck 2) and Kinsler 4, 11, 12) in their works. It is a method similar to the projection operator method, which was described in details in Leble's book 13) with many examples from different fields of science. The projection operator method is a powerful tool, which was initially set for solving the Cauchy problem, and allows for detailed analysis of a field and its modes. Applying the projection operators to the one-dimensional model of the light pulse propagation has led to the generalized SP equation, 14) where the physical form of cofactors has been shown and the interaction between waves in two directions has been taken into consideration. The case of interaction of two counterpropagating waves was the topic of experimental studies, 15) and proof of the interaction of a counterpropagating pulse polarization has been presented. In an other case the existence of waves propagating backwards in optical resonators has been proven. 16) The most fitting (short pulse) case is presented in a paper on backward pulse generation in a transmission line, 17) but a theoretical description of the phenomenon is lacking. The aim of this study is to show how, starting from Maxwell's equations:
one can, by definition of the Cauchy problem, derive projection operators and then an equation of pulse propagation while considering the nonlinear effects presented by the new variables Å i and Ã i , which can answer the question regarding the generation of backward waves generated in the terahertz left-handed transmission line 17) (Sect. 2). Moreover, the results were compared with those in the work of Kinsler and coworkers 4, 11, 12) and Schäfer and Wayne 5) (Sect. 3), and, as a novel step, the projection operators, were derived for boundary regime propagation. The obtained results were compared with those of the work of Chung and Schäfer 18) and Pietrzyk et al. 19) (Sect. 4). In Sect. 5, we discuss the restrictions and possibilities of the experimental realization of the eigen mode pulse dynamics. Finally, the conclusions are presented in Sect. 6.
Theory of Initial Disturbance Propagation

Cauchy problem formulation
To describe a one-dimensional pulse propagation in both directions 4, 12, 19) From the point of view of the initial problem considered, the operators may be introduced on the basis of Fourier transform to be provided for the variable k 2 ðÀ1; 1Þ as
where
which implies a simple link between transforms, and
which determines the material properties of the medium of propagation used as an example in a seminal work. to render the solution of Eq. (2) unique, and
Projection method applied to Cauchy problem
From the point of view of the initial problem considered, we transform the system Eq. (2) to a more convenient split form (mode representation 13) ) and specify the corresponding initial conditions for such mode variables. We introduce projection operators in x-space that must fulfill the standard properties of orthogonality and completeness:
To construct projection operators for a specific problem as in Eq. (2) it is convenient to find eigenvectors for the linear evolution operator L 20) that can be applied in an evolution equation of a general form,
In the case we consider, here Eq. (2) can be rewritten in such a manner that
Entering elements from Eq. (10) into the the matrix operator equation gives the formula
Let us apply the Fourier transformation by x in the form of Eqs. (8)- (11), which yields the system of ordinary differential equations with the material constants ¥ and ® as functions of the wavevector k: 
the particular solutions of which have the forms
Plugging the solutions into the system Eq. (12) yields a system of equations,
that resemble an eigenvalue problem under the solvability condition
There is an important dependence hidden in the above equation. The dispersion relation is described by the ¥, which, in this case, is a function of k. Strictly from those equations, one can construct projection operators. Hence, we can present a direct relationship between ! E z and ! H y and between ! E y and ! H z , 
which, acting on ¼, provides four eigenstates,
of the evolution matrix.
After the inverse Fourier transformation of Eqs. (16) and (17) the projection operators become matrix-integral ones, i.e.,P 
where the integral operator is given by Eq. (3). The operators acting on ¼ yields four subspaces, generated by the vectors
The result of the action of the identity operator I 1 P 11 þP 12 þP 21 þP 22 on vector ¼ defines the following transition to new variables:
From the definition of the projectors it follows that ½L; P i ¼ 0. The result of applying the operatorP 11 to Eq. (14) isP
Further evaluations yields
which is one of the main integro-differential equations,
with the initial condition specified by Eq. (23),
Similar results are obtained with Eq. (11) using the rest of the operators. The resulting equations define independent linear mode propagations that correspond to the left and right waves, each with two fixed orthogonal polarizations and the initial condition Eq. (31).
Dispersion and nonlinearity with polarization interaction: general relations
Following the general scheme in Ref. 20 we showed in our previous work, 14) new variables, Eqs. (23) and (24) may be introduced into Eq. (11) by using it with projection operators of Eq. (17):
Stepping to a more precise model, we look closer at a description of the propagation of electromagnetic pulses in a silica fiber. According to our main target, we restrict ourselves to ¼ 1 because we ignore the contribution to the dispersion and the nonlinear effects of the magnetic field.
As it was clear how to present ðP NL Þ i in a one-dimensional case, 14) we analyze the third-order optical susceptibility ð3Þ as Kielich 21) did earlier:
We based our approach to the interaction of two polarization modes, described by the terms ðP NL Þ y and ðP NL Þ z , taking into account the directions of propagation. Next, we show some additional citations about the nonlinearity of the Kerr type:
With the use of Eq. (33), we obtain at
In the frame of weak nonlinearity theory one, applies the (linear!) projection operators to third-order nonlinearities, which are common in many materials, for example, in silica used to make optical fibers. Acting with projection operators given in Eq. (16) on nonlinear term given in Eq. (35), the transition to new variables via (25) yields
the third-order nonlinearity has been projected on the directed polarization mode. Moreover, we obtain an equation for bidirectional pulse propagation with the Kerr effect. Equation (37) is just the first part of our result. We can obtain the second part by acting with the projection operator P 12 from Eq. (17) on Eq. (35):
With the above result, the complete formula of Eq. (32) can be presented aŝ
If we consider a unidirectional approach to our result, neglecting opposite waves (assumed to be absent in initial disturbance), we assume that Ã 1 ¼ 0 and Ã 2 ¼ 0, implying that
and that it has a directed electromagnetic pulse.
Comparison of Results Obtained with That of the Multiple Scale Method
To compare our general system with those in Refs. 5 and 19 we would develop a method of nonsingular perturbation theory (see also Ref. 20) . The concept of the method is an expansion of the evolution operator [e.g., that in Eq. (32)] with respect to the small dimensionless parameter. In our case, such a parameter may be chosen as a unified dispersion nonlinear one.
The
where is equal to 2=k. In further calculations, it has been treated as a parameter, as we consider propagation in dielectric media. An alternative assumption will open further investigation of materials considered as metamaterials. At this point, we consider permittivity as a function of k:
which, in fact is the Taylor series in the vicinity of k ¼ 1.
The calculations of integral operators using Eq. (3) and their functions using Eq. (10) will be continued in the xrepresentation, so it is crucial to present the expansion of in the same vicinity:
After inverse Fourier transformation,
because the factor k À1 is represented by ði@ x Þ À1 ¼ i R dx aŝ
similar tô
With projection operators in the corresponding approximation, we rewrite the relation Eq. (40) under new conditions,
Analogus to Ref. 5 we can substitute a multiple-scale ansatz. The ansatz, by construction, accounts for only one of the directed waves. Hence, we simply do not take the opposite waves into account, regarding only excitation of the corresponding mode:
where ¼ ðct À xÞ= and x n ¼ n x and, thus we obtain
Comparing our result with that obtained by Pietrzyk et al. 19 )
we conclude the agreement of the results.
Projection Method for Boundary Regime Propagation
From the point of view of waveguide propagation, a conventional mathematical problem is formulated as a boundary problem. An application of the projection operator method to solving the time dependent boundary problem needs significant modification. From the point of view of the boundary problem considered, we use an antisymmetric version of in the t basis functions E y , H y , E z , and H z , defined for t 2 ðÀ1; 1Þ, 22) which guarantees a zero field at t ¼ 0. Such a continuation of the field to the range t < 0 makes it possible to define its Fourier transforms as
The consequent procedure is assumed to provide variable ! 2 ðÀ1; 1Þ with a corresponding continuation. It is essential to stress that" and are integral operators, whose form differs from those in Sect. 2:
which gives a simple link between transforms,
which describes material properties by the medium of propagation. The dielectric susceptibility coefficient "ð!Þ originated either from the quantum version of the Lorentz formula (see, e.g., Refs. 22 and 23) or directly from phenomenology, 5, 24) for example, it was approximated as the Taylor expansion at the ! ¼ 1 point by Pietrzyk et al.: 19) "
The problem is solved by adopting the boundary conditions E y ð0; tÞ ¼ y ðtÞ; E z ð0; tÞ ¼ z ðtÞ; H y ð0; tÞ ¼ y ðtÞ; H z ð0; tÞ ¼ z ðtÞ; ð60Þ at the time points t > 0.
Exchanging the x and t interpretations we present a new operator, which is similar to the evolution operator L in Eq. (10),
To construct the shift operator L 0 , it is necessary to use" and " ð62Þ The system of Eq. (62) can be treated by a procedure similar to that presented in Eqs. (11)- (14) . This leads us to a dispersion relation similar to Eq. (15):
however, here, ¾ is a function of ½. Strictly from the above equations, one can construct projection operators. Hence, we can present direct relations between ! E z and ! H y and between ! E y and ! H z , i.e.,
as k ¼ ð1=cÞ! 1=2 " 1=2 . Otherwise, for one of the direction propagations for both polarizations, otherwise
as k ¼ Àð1=cÞ! 1=2 " 1=2 , with the eigenvectors
that specify four modes. As a starting point, we know that these eigenvectors must fulfill the standard properties of orthogonal projecting operators in Eq. (9). Let us show the form of the two corresponding projection operators 
The projection operators for this model have the same form as the projection operators generated in the Cauchy problem, but with a significant difference hidden in the form of". After inverse Fourier transformation, one obtains its explicit form. The application of the first one yields the transition to new variables in the space of the solutions, i.e.,
1 2
Analogous actions allow us to define a system of new variables:
Taking nonlinearity into consideration, the system is described by
With the use of the new projection operators in Eq. (71) we obtain
This action will generate a system of equations that describes the pulse propagation in the right and left directions:
considering both polarizations. Let us take a closer look at Eq. (73):
As the projection operators have similar forms, the relation given by Eq. (37) can be used:
After the Taylor series expansion and inverse Fourier transformation of Eq. (58), we obtain,
which we apply to Eq. (78). By differentiating both sides twice over time, we obtain @ @x
ð82Þ In analogy that in Refs. 18 and 19 we can substitute a multiple-scale ansatz, as we have carried out in Sect. 3. The ansatz, by construction, accounts for only one of the directed waves. Hence, we simply do not take the opposite waves into account, regarding only the excitation of the corresponding mode specified by the projection operators, applied to the boundary condition vector:
where ¼ ðct À xÞ= and x n ¼ n x thus, we get Ã i ¼ 0,
we state that the system of Eq. (83) yields the result in Refs. 19 and 25 in the frame of the accepted approximations. The system describes the collisions of oppositely propagated short pulses that could be applied in experimental models.
17)
Realization of Pulse Dynamics Experiments
The theory we propose concerns a one-dimensional model of electromagnetic wave propagation in both directions and with interaction of pulses with the given polarization. It can be applied to the refraction of pulses or two-wave interaction with different modes. Moreover, we can apply the results to analyzing the phenomena occurring in the silica fiber when a backward pulse is generated during ultrashort-pulse propagation. However, our theory has only a few conditions. The range of the approximation introduced by Schafer and Wayne 5) and applied in this article has a limitation due to the wavelength of the pulse. There are three important resonances that occur at wavelengths of ¼ 0:068 . . . Lm, ¼ 0:116 . . . Lm, and ¼ 9:896 . . . Lm. The approximation using Eq. (41) is valid for the range of 1600-3000 nm 5) which narrows the range of the application of the final results [see Eqs. (50) and (83)].
The amplitude restriction u 0 is due to the optical Kerr effect. The intensity of the pulse should be sufficient to observe the conventional optical Kerr effect.
Moreover the above theoretical model usually has one more disadvantage. In our calculations, we use power series expansions in which we neglect higher order terms. As the pulse propagates in time, the neglected terms (NT) sum up into a restriction in time t < T, u ¼ u 0 þ R t 0 ''neglected terms'' dt, restriction = NT(dispersion) + NT(nonlinearity). We can estimate those restrictions using the maximal amplitudes of the minimal neglected higher (fourth-order) order terms 22) and the dispersion term error in a similar manner.
In the previous sections, we introduced the so-called dynamical eigen modes via projection operators to eigen subspaces for two basic problems of mathematical physics: these are the Cauchy (initial) and boundary regime problems. Both relates directly to experimental realization and have a unique physical meaning. The first is usually named the initialization of a field and the second one is conventionally used when a field excitation occurs through the end of a rod or a waveguide or across a border of a layer. One of the main results presented in this paper answers the question. What combination of electric and magnetic components [see Eqs. (23) and (24)] defines a polarized or directed wave in the presence of dispersion? This should be crucial in the analysis of experimental situations such as the preparation of incoming beams as well as in its analysis of outcoming beams.
There are many physical conditions in which the eigen mode definition and interaction are essential. If one investigates the reflection from a wall of a different material, oppositely propagating waves in the vicinity of such a border coexist. The effects of the interaction of modes are negligible in the case of low amplitude, however, an intense field accounts for a counterpropagating wave interaction. Thus, in Ref. 26 it is said that the spatial effects of absolute instability in backward-wave four-wave mixing relate the high sensitivity of the oscillation dynamics of a semi-linear coherent oscillator to the possible misalignment of two counterpropagating pump waves as has also been reported recently. 27, 28) Particularly in such circumstances, even if very short pulses strongly interact and change their form, the effects of the compression of pulses may occur 14) and thus should be a topic of experimental investigation. The results obtained using the theory we developed could be taken into account in models of combined ray-wave propagation in complex media 29) for intense electromagnetic pulses. The complex phenomena of directed polarized waves we discussed are important in reflection from multilayers. The account of the nonlinear effects could improve the quality of omnidirectional reflection by a multilayer dielectric mirror 30) for a high-intensity field.
Many applications in photochemical and photobiological sciences may be considered within the scope of the excitation time dependence on material constants and the amplitude ionization mechanism. 31) Intensities as determined in Ref. 32 occur in experiment indicating the potential of using aluminized hollow core fibers in medical therapy with ultraviolet femtosecond pulses.
Thus there should also be a particular direct investigation of colliding pulses of strong field in a material of interest, including pulses where Kerr effect is present. Such experiments using light from solid-state lasers 33) will help to understand the nature of absorbers. The shortening of the Gaussian pulse duration should be investigated for a wide range of absorber and pulse parameters and the results should be compared with those obtained using typical contactingabsorber and non contacting-absorber methods. Such experiments relate to the initial problem type with the characteristics described by Eq. (50).
In addition to the well-known advantages of using dye lasers, the colliding-pulse method achieves shorter durations of peak pulses in a train near the second threshold.
For experiments on the polarization dynamics of counterpropagating waves in the presence of a nonlinear medium, pulse could be released as in Ref. 15 , e.g., in an isotropic optical fiber. Naturally, it is of great interest to combine pulses of different modes, e.g., to investigate the interaction of oppositely propagating pulses of different polarizations. The result could clarify the nonlinear constants of matter.
Conclusions
The problem we considered is related to the derivation of mode interaction equations. We derived a system of equations that describes the interaction of waves with fixed polarizations and directions of propagations in the most appropriate form. The form suggests clear definitions of all four modes by means of projection operators in two standard mathematical statements of problems: the Cauchy problem (with given initial conditions) and the boundary regime problem (with given boundary regime dependence of the field on time at the boundary x ¼ 0). An account of nonlinear terms introduced into the physical picture the important phenomenon of mode interaction, which allowed for the investigation of energy and momentum balance in a proper form. Again, the projectors fix a mode contribution in arbitrary time for the Cauchy problem and in a space point for a boundary regime. The application of asymptotic expansion with respect to a small parameter in the evolution operator allows for significant simplification of the equations for a specific initial (boundary) problem (e.g., specific mode excitation).
Therefore, we solved the problem of the mode definition together with its linear and nonlinear evolutions and interactions. An application of the theory needs an approach to the system solution. Although in the case of the linearized problem the answer after the transformation to the mode equations is almost trivial (the resulting differential equations for modal variables are of the first order), the nonlinear system solution looks essentially nontrivial and requires effort to understand. There is an approach to developing a finite-difference scheme with proven convergence and stability, 34) but its adaptation to the problem of short-pulse equations considered remains a challenge. Namely, the numeric solution of the problem of oppositely propagating pulses (with arbitrary polarization) collisions remains to be validated. An answer to such question a would open the way to qualitative comparison with experiments in Refs. 16 and 17 and to very interesting applications (e.g., in optical control and gates). For further development, such colliders can be used in fusion (thermonuclear) experiments. For light pulses a million times shorter than previously possible, scientists at the Vienna University of Technology are proposing a new measurement method, using equipment which that soon be available at CERN. Studying light pulses from quark-gluon plasma also requires the description we proposed, which could yield valuable new information to better understand this plasma.
